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Abstract. In this paper, we derive eight basic identities of symmetry in three 
variables related to Euler polynomials and alternating power sums. These and 
most of their corollaries are new, since there have been results only about 
identities of symmetry in two variables. These abundance of symmetries shed 
new light even on the existing identities so as to yield some further interesting 
ones. The derivations of identities are based on the p-adic integral expression 
of the generating function for the Euler polynomials and the quotient of in- 
tegrals that can be expressed as the exponential generating function for the 
alternating power sums. 
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1. Introduction and preliminaries 

Let p be a fixed odd prime. Throughout this paper, Zp, Qp, Cp will respectively 
denote the ring of p-adic integers, the field of p-adic rational numbers and the 
completion of the algebraic closure of Qp. For a uniformly differentiable(also called 
continuously difFerentiable) function / : Zp — )■ Cp, the p-adic fermionic integral of 
/ is defined by 

1 



/ /(z)dAi-i(z) = lim 



3=0 

Then it is easy to see that 



(1.1) / /(z + l)d/i_i(z)+ / /(z)d/i_i(z) = 2/(0). 

Let I Ip be the normalized absolute value of Cp, such that \p\p = i, and let 

(1.2) E = {t^£p\\t\p<p-T^^}. 

Then, for each fixed t E E, the function f{z) ~ e^* is analytic on Zp and by applying 
()1.1|) to this /, we get the p-adic integral expression of the generating function for 
Euler numbers En'- 

(1.3) / e^*dA^_i(z) = ^— = 5]i?„- (iei?). 
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So we have the following p-adic integral expression of the generating function for 
the Euler polynomials En{x): 

(1.4) / e("+^)*dAi_i(z) = ^— e^* = V£;„(a:)- (<ei?,a;GZp). 

Let Tk{n) denote the alternating kth power sum of the first n + 1 nonnegative 
integers, namely 

n 

(1.5) Tfe(n) = ^(-l)'i'^ = (-1)"0'^ + (-1)^1'= + (-1)^2'^ + • ■ • + (-l)"7^^ 

i=0 

In particular, 

1, if n = {mod 2), J 1, for fc = 0, 

0, if n EE 1 (mofi 2), ^''^'^^"(o, for fc > 0. 

From (|1.3p and (|1.5p . one easily derives the following identities: for any odd positive 
integer w, 

JZp 1^ j=o fe=0 

In what follows, we will always assume that the p-adic fermionic integrals of the 
various exponential functions on Zp are defined for t e -E (cf. (|1.2p ). and therefore 
it will not be mentioned. 

[T], [2], and are some of the previous works on identities of symmetry 

involving Bernoulli polynomials and power sums. These results were generalized 
in [3] to obtain identities of symmetry involving three variables in contrast to the 
previous works involving just two variables. 

In this paper, we will produce 8 basic identities of symmetry in three variables 
wi,W2,W3 related to Euler polynomials and alternating power sums(cf. (|4.8p . (|4.9p . 
(|4l2l) . (HTS)) . (I4J9)) . (|43T|) . gJl), gJl). These and most of their coroharies 
seem to be new, since there have been results only about identities of symmetry in 
two variables in the literature. These abundance of symmetries shed new light even 
on the existing identities. For instance, it has been known that (|1.8p and (|1.9|) are 
equal and pTTUl) and pTTT]) are so(cf. [4, Theorem 5, 7]). In fact, pr5| - prTT| ) are 
all equal, as they can be derived from one and the same p-adic integral. Perhaps, 
this was neglected to mention in 0]. Also, we have a bunch of new identities in 
p.l2l) - (|1.15l) . All of these were obtained as corollaries (cf. Cor. 9, 12, 15) to some 
of the basic identities by specializing the variable ws as 1. Those would not be 
unearthed if more symmetries had not been available. 
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Let wi,W2 be any odd positive integers. Then we have: 
(1.8) 



k=0 ^ ^ 

(1.9) =f^^(^^Ek{w2yi)Tn-k{wi - l)w^-''w'[ 

Wi — 1 

(1.10) =wl V {-iyE^{w2yi + —i) 

W2 — 1 

(1.11) =w^ V i-iYE^iwm + — 



k+l-\-m—n 



(1.12) - J2 (kl ^ - ^)Tm{w2 - l)w1 



,,k-\-7n k-\-l 



2 



(1.13) =<E u) ^ (-i)'^fc(yi + — )T^"-fc(^2 - i)w'^2 

(1.14) =«^2 E U E (-i)'^fc(yi + — - iK 

-uji — 1 — 1 . . 

(1.15) ={wiW2r E E + — + —). 



The derivations of identities will be based on the p-adic integral expression of 
the generating function for the Euler polynomials in (|1.4p and the quotient of 
integrals in (jl.7p that can be expressed as the exponential generating function for 
the alternating power sums. We indebted this idea to the paper [4]. 

2. Several types of quotients of fermionic integrals 

Here we will introduce several types of quotients of p-adic fermionic integrals on 
Zp or Zp from which some interesting identities follow owing to the built-in sym- 
metries in witW2tW^. In the following, wi,W2, are all positive integers and all 
of the explicit expressions of integrals in (|2.2I) . (|2.4p . (|2.6p . and p.Sp are obtained 
from the identity in ()1.3p . 



(a) Type A^, (for z = 0, 1, 2, 3) 
(2.1) 

e("'^'"^^^+"'i"'^^^+'"i'"^^^+"'i"'^"'^(^?=i»»*d/i_i(a;i)dAi„i(a;2)rfAi-i(a;3) 



(2.2) 
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(b) Type AI3 (for z = 0,1, 2, 3) 
(2.3) 

(/z^ e«'i«'2i«32;4tc;/i_i(a;4))» 
(e™i* + l)(e™2* + l)(e™3t 4- 1) 

(c-0) Type A^^ 
(2.5) 

1(^12) = / e("'i^i+'"^^=^+"'3^^+"'^"'^^+™i"'^^+"'i"'^^)*d^_i(a;i)d^_i(a;2)d//_i(x3) 

gg (ui2 li>3 +Ji>i Ji'3 «)2 ) J/t 

~ (e«.it + i)(e«'2t + l)(e«'3t + 1)' 



(2.4) 



^ L3 e('"2«'32:i+«;it«3^2+«;i«;2Z3)trf^_-^(^^)d^_^(22)d^_l(z3) 

P 

(g«'2U.3« _^ l)(e'^l'^3t ^ i)(e'^i'"2t 1) 



(c-1) Type 

/ e("'i^i+"'^^^+"'-^^3)*d^_i(a;i)dM-i(a;2)rf/i-i(a;3) 

(2.7) HAl ■ 

^ (e"'!* + l)(e'"2t + l)(e'"3t + 1) 

All of the above p-adic integrals of various types are invariant under all permu- 
tations of Wi,'W2, W3 as one can see either from p-adic integral representations in 
dsn), (1^ . (P3|) . and (Pll or from their exphcit evaluations in (1^ . ^L^, (j^ . 
and (12:8)) . 

3. Identities for Euler polynomials 

In the following Wl^W2^ W3 are all odd positive integers except for (a-0) and (c-0), 
where they are any positive integers. 

(a-0) First, let's consider Type A23, for each i = 0,1,2,3. The following results 
can be easily obtained from (|1.4p and (|1.7p . 



/(A°3)= / e"'^'"^(^i+'^'iyi)*rf^_i(xi) / e'"'i"'^(^^+'"'^«^)*d//_i(x2) 



= kl (^2^i'3^) )(2^ {wiW3t) )(2^ — {wiW2t) ) 

fc=o ■ ;=o ■ m=0 

(3-1) X! L "^j^^fe(^«iyi)-E^i(''«2y2)-E„(w3y3)w'+™W2+"w3+'^^ 

n=0 fc+i+m=n \ ' ' / 
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where the inner sum is over all nonnegative integers k,l,m, with k + I + m = n, 
and 

(3.2) f " 1 = 

\k,Lm) k\l\m\ 



(a-1) Here we write /(A23) in two different ways: 
(1) /(A^3) 

/c=0 ' 1=0 ' m=0 

(3.4) 

= E( E L "^)^fcKj^i)^'Ky2)T„.(^3-l)<™^^™u;3'+')^- 

n=0 k+l+m=7i \ ' ' 



(2) Invoking ()1.7p . p.Sp can also be written as 



1i)3-l 



^(A23)= E(~l) / e"""''^"'+'"''''^'(^M^i(a;i) / e'"^"'^("^+'"^^^+^^'*dM_i(x2) 
j_0 p p 



i=0 fc=0 ■ /=0 ^3 



(3.5) = EwE ur''^'"^^^^ ^ {-irE^^u{w2y2 + — ^)<-'=^«2');^- 

n=0 fc=0 ^ i=0 '"•^ 

(a-2) Here we write /(A23) in three different ways: 

(1) m,) 

(3.6) 



= (Ei^.K2/i)^^)(ET.(..2 - i)^^)(E ^™(-3 - 1)^^^) 

fc=o ■ ;=o ■ m=0 

(3.7) 

= E( E L ^ ]-Bfe(wiyi)r,(w2-i)r™(w3-i)wi+'"w2^'"w3+')— . 



n=0 k+l+m=n 
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(2) Invoking (|1.7I) . (I3.6P can also be written as 

(3.8) = y i~iy / X -fi^ rr— A 



= 2^ (-1) (2^^^feKyi + — *) )(2^Ti(w;3-l) ) 

i=0 k=0 ^ ■ 1=0 

(3.9) = U) £ + —^)Tn-kiw3 ~ l)<-'=^i;,§)-. 

n=0 fc=0 ^ ^ i=0 '^•^ 



(3) Invoking (jl.7p once again, p.Sp can be written as 



E E ^-^y^' / e"'^"'^("^+'"^^^+^*+^^'^*dAi_i(a;i) 



11)2 — IfJa — 1 oo , ^„ 

= E EMr^^E^"Kyi + -^ + -^-)^^^ 

i=0 j=0 n=0 

(3.10) = Y^i{w,w,r E E i-^y^'E^iwm + — * + -j))-. 



(a-3) 



/V^rp/ (^2^3^)*^ ^^-^^^ (wiW3t)' (wiWa^)" - 

= (2^?^fe(wi - 1) )(2^ri(«;2 - 1) )(2^ T^{W3 - 1) , 

k=0 ■ 1=0 ' m=0 

(3.11) 

°° / T) \ y-" 

= E E (L / mr'^-^^^ " ^^^'^^^ " " lX™u;r™u;r')^. 



(b) For Type A\q {i = 0, 1, 2, 3), we may consider the analogous things to the ones 
in (a-0), (a-1), (a-2), and (a-3). However, these do not lead us to new identities. 
Indeed, if we substitute W2W3,'WiW3,wiW2 respectively for wi,W2,'W3 in (j2.ip . this 
amounts to replacing t by wiW2W3t in ()2.3p . So, upon replacing wi,W2,W3 respec- 
tively by W2W3,WiW3,wiW2 and dividing by {W1W2W3)"' , in each of the expressions 
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of dsn), (031), (Em): dSSJ-dSm]), we wm get the corresponding symmetric 

identities for Type {i = 0, 1, 2, 3). 

(c-0) 



= (E ^^i-^^^nf: ^^Ko')(f: ^^KtD 

n=0 ' Z=0 ' m=0 

(3.12) V ,^ ]Ek{w2v)Ei{w:,y)E^{w,v)w'iw'^w^)- 



(c-l) 



fe=0 1=0 m=0 

(3-13) E (^j]Jr;.K-l)TKu;3-l)T„,K-lK«;^u;3™)-. 



ri=0 /£+/+r?x=n 



4. Main theorems 



As we noted earlier in the last paragraph of Section 2, the various types of 
quotients of p-adic fermionic integrals are invariant under any permutation of 
w\,W2,wz- So the corresponding expressions in Section 3 are also invariant un- 
der any permutation of wx^wi^wz- Thus our results about identities of symmetry 
will be immediate consequences of this observation. 

However, not all permutations of an expression in Section 3 yield distinct ones. 
In fact, as these expressions are obtained by permuting w\,W2^wz in a single one 
labelled by them, they can be viewed as a group in a natural manner and hence 
it is isomorphic to a quotient of 6*3. In particular, the number of possible distinct 
expressions are 1,2,3, or 6. (a-0), (a-l(l)), (a-l(2)), and (a-2(2)) give the full six 
identities of symmetry, (a-2(l)) and (a-2(3)) yield three identities of symmetry, and 
(c-0) and (c-l) give two identities of symmetry, while the expression in (a-3) yields 
no identities of symmetry. 

Here we will just consider the cases of Theorems 8 and 17, leaving the others 
as easy exercises for the reader. As for the case of Theorem 8, in addition to 
(|4.14p - (|4.16p . we get the following three ones: 

(4.1) J'^)£^feKyi)T/(^«3-l)T;n(u;2-l)^+™^«3'+"«;2'+', 
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(4.2) 



E 



fe+Z+m— n 



L m 



Ek{w2Vi)Ti{wi - l)r,„(zi;3 - l)w'-+'^w'i^^wl+\ 



(4.3) 



E 



k-\-l-\-7n—n 



k.l. 



But, by interchanging I and m, we see that (|4.1I) . (|4.2[) . and (|4.3I) are respectively 
equal to (|4A4|) . (j4J5]), and (gj!]). 

As to Theorem 17, in addition to (|4.24p and (|4.25p . we have: 



(4.4) 
(4.5) 
(4.6) 
(4.7) 



E 

-l-\-m- 

E 
E 



/c+Z+m— n 



E 

k+l+m—n 



k, I, m 

n 

k, I, m 
n 

k, I, m 
n 

k, I, m 



Tk{w2 - l)Ti{w3 - l)T„^{Wl - 1)WW2WT, 



Tk{w3 - l)Ti{wi - 1)T„,{W2 - l)w!^wlwT, 



Tk{w2 - l)Ti{wi - 1)T^{W3 - l)w^w^u;r. 



However, (|4.4p and (14. 5p are equal to (j4.24p . as we can see by applying the per- 
mutations A; — >■ ?, Z — )> TO, TO — fc for (j4.4p and fc — >■ to, / — )• fc, to — Z for (|4.5p . 
Similarly, we see that (|4.6p and (|4.7p are equal to ()4.25p . by applying permutations 
k -+ LI ^ m,rn ^ k for (14.61) and k ^ mA ^ k.m ^ I iov (14.71). 



Theorem 4.1. Let u'i,u'2,u'3 6e any positive integers. Then the following ex- 
pression is invariant under any permutation of wi,W2,W3, so that it gives us six 
symmetries. 



(4.8) 



k-\-l-\-7n—n 



k-{-l-{-m—n 



k-\-l-{-m—n 



E 

-l-\-7n- 

E 
E 

-[■-{-in- 

^ E 

k-\-l-\-m—n 

^ E 
^ E 

k+l+m—n 



n 

k, I, ni 
n 

k, /, m 
n 

k, I, m 
n 

k, I, m 
n 

k, I, m 
n 

k, I, m 



Ek {wm)Ei {w2y2)E„, {W3y3)w[+"'w^+"'w^+' 



Ek {wm)El {w3y2)Era {W2y3)w[+-"'wl+-"'w^+' 



Ek{w2yi)Eiiwiy2)E„,{w3y3)w'+'^w1+'^w';+' 
Ek {w2yi)Ei {w3y2)E^ {wiy3)w'+"'w^+"'w1+' 



Ek{w3yi)Ei{wiy2)E^{w2y3)w'+^w\+^wl+' 



Ek{w3y,)Ei{w2y2)E^{wm)w'+"'w!^+"'w'[+K 



Theorem 4.2. Let wi,W2,W3 be any odd positive integers. Then the following 
expression is invariant under any permutation of wi,W2,W3, so that it gives us six 
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symmetries. 



(4.9) 



E 

fc+Z+m— n 

= E 

fc+Z+m— n 

= E 



E 
E 
E 



k, I, m 
n 

k, I, m 
n 

k, I, m 
n 

k, I, m 
n 

k, I, m 
n 

k, I, m 



Ekiw,y,)Ei{w2y2)Tra{w3 " l)w[+"' wl^+"' w';+' 



Ekiw,yi)Ei{w3y2)Tra{w2 - l)w[+'^'w^+"'w^+' 



Ek{w2yi)Eiiw,y2)TUw3 - l)w'+'^w',+"'w^+' 



Ek{w2yi)Ei{w3y2)T,n{wi ~ l)«;^+"V;3^+"u;^' 
Ek{w3yi)Ei{w2y2)T,n{wi - 



Ek{w3yi)Eiiwiy2)TUw2 - l)wl+"'w1+"'w^^+K 



k+l+7n—n 

Putting z«3 = 1 in ()4.9p . we get the following corollary. 
Corollary 4.3. Let 'Wi,W2 be any odd positive integers. 

J2 (l)Ek{wiyi)En-k{w2y2)'w'l^''-'' 



k=0 



fc=0 



(4.10) 



E ( h ]^k{w2yi)En^k{wiy2)i 

Ek{yi)Ei{w2y2)T^{wi - l)n4+"'w'[+' 
Ek{w2yi)Ei{y2)T„,{wi - l)w'+"'w'i+' 



^ E 

k-\-l+m—n 



n 

k, I, m 



E 
E 
E 



k+l+ra—n 



k+l+rri—n 



n 

k, I, m 



n 

k, I, m 



Ek{yi)Eiiwiy2)T„,iw2 - l)w'[+"'w^^+' 



n 

k,l,mj 



]Ek{wm)Ei{y2)T„r{w2 - l)w[+"'wl+K 

fc+Z+m— n 

Letting further W2 = I in (I4.10p . we have the following corollary. 
Corollary 4,4. Let wi be any odd positive integer. 



(4.11) 



A;=0 



ji?,(u;iz/i)i?„_fc(y2X-'= 

k=0 ^ ^ 

""E (l)Ek{yi)En^k{wiy2)w'l 

\Ek{yi)Ei{y2)T^{wi ~ l)w''+' . 



= E 

fc+Z+m— n 



A;, m 
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Theorem 4.5. Let wi,W2,W3 be any odd positive integers. Then the following 
expression is invariant under any permutation of wi,W2,W3, so that it gives us six 
symmetries. 



Wl 

Wl — 1 

' n ' 

fc=0 ^ ^ i=0 

U)2 — 1 



(4.12) 



fc=0 ^ 4=0 

n ' 
k 

k=o ^ i=0 

W3— 1 



fc=0 ^ ' i=0 

w^ — 1 

n 

k=0 





-k{w2V2 + 


W2 

Wl ' 


-'wl 




-k{w3y2 + 


^3 n- 
Wl 


~'wl 




-k{wiy2 + 


"^1 n- 
W2 ^ 






-k{w3y2 + 


W3 .X „- 
— ^)Wi 
W2 


-'wl 




-fc(wi2/2 + 


Wl .^ 

W3 


-''wl 




-k{w2y2 + 


W2 n- 

i)Wi 

W3 


-'wl 



Letting W3 = 1 in (|4.12p . we obtain alternative expressions for the identities in 
Corollary 4.6. Let wi,W2 be any odd positive integers. 

J2 {^j^Ek{wiyi)E^-k{w2V2)wl~''i 



W9 



fc=0 



X! \AEk{w2yi)En-k{'L 



^ ,^,^y-^a^,^„-„yWiy2}W2 ''wf 



Wl — 1 



(4.13) 



=<E ( fc E {~^rE^^u{w2y2 + —i)wt 

71 y \ Wi—l 

=<E ( J^''(^22;i) E (-i)'^"-fe(y2 + — )^«r'= 

fe=0 ^ ^ i=0 
n / \ t«2— 1 

E Ur^(yi) E (-ir£^n-fe(wiy2 + — z)^«f 

k=0 ^ ^ 'i=0 

E Ur''^(^i2^i) E (-i)'s«-fc(y2 + —)<-'= 

fc=0 ^ ^ i=0 

Putting further W2 = 1 in (14.13^ . we have the alternative expressions for the 
identities for (|4.1ip . 
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Corollary 4.7. Let wi be any odd positive integer. 



fc=0 



fc=0 



J2 [l)Ekiyi)En-k{wiy2)w'[ 



,)Ek{y2)En-k{wiyi)w'[ 



-w 



n / \ w\—l 
fc=0 ^ ^ i=0 



Theorem 4.8. Let wi,W2,W3 be any odd positive integers. Then we have the 
following three symmetries in wi,W2,W3: 



(4.14) (f^'^]Ekiw,y,m{w2-l)T^{w3-l)w[+"^w^, 

k+l+m=n ^ ' ' ^ 



l-\-m^^^k+m k+l 
"'3 



(4.15) = J2 ( i. , ^)Ekiw2yi)Ti{w3 - l)T„(u;i - l)w'+"'w',+"'w1^ 

k-\-l-\-rn—n 



(4.16) = V )Ek{w3yi)Ti{wi-l)T^{w2-l)w'^+"'w1+'^w. 

k+l+m=n ^ ' ' ^ 

Putting W3 = 1 in (|4.14p - (l4.16p . we get the foUowing corollary. 
Corollary 4.9. Let wi,W2 be any odd positive integers. 



2 



Y i^j^jEkiwm)Tn^k{w2 - l)wr''w!! 

(4.17) =J2 (l)Ek{w2yi)Tr,-k{wi - l)w^~''w'[ 

k=0 ^ ^ 

= E (f^'l)Ek{yim{wi-l)T„.{w2-l)w',+"'w'2 



Letting further W2 = I in (|4.17p . we get the fohowing corohary. This is also 
obtained in [6, Cor. 2] and mentioned in [3]. 



Corollary 4.10. Let vui be any odd positive integer. 



(4.18) E^iwm) - ^ (^)^fc(yi)T„-fe(ii;i - l)w'l. 

k=0 ^ ^ 

Theorem 4.11. Let vui,u)2,W3 be any odd positive integers. Then the following 
expression is invariant under any permutation of wi,W2,wz, so that it gives us six 
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symmetries. 



(4.19) 



n / \ wi—l 

fc=0 ^ ^ 4=0 

n / \ W2—1 

n / \ W2—1 

k^O ^ ^ 2^0 

n / \ tW3 — 1 

n ^ \ tW3 — 1 

fc=0 ^ ^ i=0 



W2 .X 



W3 



W3 



W2 



n-k„ k 
3 



2 



W2 



3 



W2 



W3 



-fe k 
2 



^3 



Putting ti;3 = 1 in ()4.19p . we obtain the following corollary. In Section 1, the 
identities in ()4.17p . ()4.20p . and (|4.22p are combined to give those in ([LSjl - ifllSl) . 

Corollary 4.12. Let wi,W2 be any odd positive integers. 



(4.20) 



Wl —1 

< V {~iyEniw2yi + —i) 

^ — ^ in-, 



i=0 
W2 — 1 



=^2 E i-^TEniwm + —i) 

= E {^^Ek(w2yi)T^-k{wx - \)wl-^w\ 

I.— n ^ / 



fc=0 ^ ' j=0 

li'2 — 1 



1 E ( I ) E + - 1) 



fc=0 ^ 1=0 



E ( r ) E + - 1)^1 



Letting further W2^\\Vl (|4.20I) . we get the following corollary. This is the mul- 
tiplication formula for Euler polynomials together with the relatively new identity 
mentioned in (|4.18p . 
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Corollary 4.13. Let wi be any odd positive integer. 

wi —1 



1=0 

n 



k=0 

Theorem 4.14. Let wi,W2,W3 be any odd positive integers. Then we have the 
following three symmetries in wi,W2,W3: 

Wi — 1 W2 — 1 
'W2 — 1 It's — 1 

(4.21) ={y^2W:,r E E (-l)^+''^^nK2/i + — ^ + —3) 

— 1 Wi — 1 

Letting ^3 = 1 in ()4.2ip . we have the fohowing corohary. 
Corollary 4.15. Let wi,W2 be any odd positive integers. 

Wi —1 

< E i~^yEniw2yi + —3) 

■W2 — 1- 

(4.22) =vu^ E {-^yE,,{vum + — ^) 

1=0 

Wi — 1 W2^1 

Z«l W2 

Theorem 4.16. Letwi,W2,W3 be any positive integers. Then we have the following 
two symmetries in wi,W2, W3 : 



E ^ ^^Ek{wiy)Ei{w2y)Em{w3y)w3w[w. 



(4.23) >^+i+m=n 

= E [ J ^)Ekiwiy)Ei{w3y)E„,{w2y)w2w[w^ 



k+l+m—n 



Theorem 4.17. Let wi,W2,W3 be any odd positive integers. Then we have the 
following two symmetries in 11:1,102, W3: 



(4.24) E L'^]Tk{vui~l)Ti{w2~l)T,n{w3-l)vulw[w^ 

k+l+m=n \ ' ' ^ 

(4.25) = E (^"^ )Tk{wi-l)Ti{w3-l)Trn{w2-l)wW^wri 



Putting ws — 1 in (|4.24p and f|4.25p . we get the following corollary. 
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Corollary 4.18. Let wi,W2 be any odd positive integers. 



k=o 





k=0 



( I. ~ ^)Tn-k{w2 - 1) 
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